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a b s t r a c t
Despite the fact that the concept of incorporating Negative Stiffness (NS) elements within mechanical
systems was formulated and validated more than 40 years ago, it has only recently received consistent
attention. In this work, the design of a layered mechanical metamaterial having implemented NS
inclusions is presented and its acoustic wave propagation properties are modelled. A dedicated two-
dimensional periodic structure theory scheme is developed in order to compute the frequency dependent
damping loss factor of the metamaterial structure. The acoustic transmission properties through the
modelled panel are computed within a Statistical Energy Analysis (SEA) scheme. It is demonstrated that
the suggested layered metamaterial exhibits highly superior acoustic insulation performance close and
above the acoustic coincidence range, thanks to the drastic increase of its structural damping properties
implied by the NS elements. Additionally, the proposed configuration presents superior performance in
a broadband frequency range when compared to a viscoelastic damping constraint layer of equivalent
mass.
© 2016 Elsevier Ltd. All rights reserved.
1. Introduction
The need for low-cost and low-mass vibration isolation within
the modern aerospace, automotive and energy industries has re-
cently motivated research groups at a worldwide level to develop
a number of novel vibration isolation concepts. Moreover, the use
of composite layered materials in the transport industry is becom-
ingmore important due to the need for designing andmanufactur-
ing lightweight, energy efficient products. Despite their superior
structural characteristics, composite structures exhibit inferior dy-
namic and acoustic performance levels compared to conventional
metallic ones. The large number and variety of elastic waves prop-
agating within a layered composite, implies high structure-borne
vibration transmissibility and high noise transmission. Structural
integrity as well as passenger comfort can be compromised by
high levels of vibration and noise transmitted through industrial
structures. Widely employed damping enhancement methodolo-
gies nowadays include the addition of viscoelastic material lay-
ers that are expensive in terms of additional, non-structural mass
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and space usage. Moreover, it is also noted that whilst viscoelas-
tics have shown potential for increasing attenuation in the high
frequency domain, there is currently no recognised passive design
configuration for efficiently damping low frequency vibration (that
is the first 5–10 structural modes). Research interest has therefore
focused towards achieving increased structural damping through
measures of reduced mass, volume and cost impact. A methodol-
ogy receiving increasing attention due to its attenuation efficiency
(particularly in the low-frequency range) is the inclusion of in-
ternal tuned resonators [1]. As demonstrated below, a number of
authors has suggested that the inclusion of negative stiffness ele-
ments in the structural ensemble, can drastically amplify internal
oscillations and consequently the structural damping performance
of the configuration.
The beneficial impact of NS mechanisms on vibration isolation
has been reported as early as 1957 in the pioneering publication
of Molyneaux [2]. It was followed by the milestone developments
of the authors in [3,4] where the design of mechanical isolating NS
mechanismswas achieved through the use of discretemacroscopic
elements. It was demonstrated that the exceptional performance
of these systems was attained through reducing the strain energy
stored within the system during oscillation (by reduction of the
overall effective stiffness), thus increasing the loss factor of the
http://dx.doi.org/10.1016/j.eml.2016.10.012
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oscillator defined as:
η = energy dissipated per cycle
maximum strain energy stored in the system
. (1)
There exist generally two design streams of NS inspired
structures; one of them focusing on the development of continuous
metamaterials containing NS phase inclusions (see [5]) and
the second one dedicated to the design of systems containing
discrete macroscopic NS elements. Both research streams share
common reported benefits (high structural damping and vibration
isolation performance levels) however not the same challenges.
With regard to the design of macroscopic NS elements, a
variety of designs has been proposed for the realisation of
such configurations, incorporating various structural elements
such as post-buckled beams, plates, shells and precompressed
springs, arranged in appropriate geometrical configurations [6–
11]. Experimental validation of NS vibration isolation mechanisms
with their designs based on Euler post-buckled beams have been
presented in [12–16]. In automotive engineering, applications
include the design of NS suspensions [17,18] as well as vibration
isolation seats [19–21] for improved passenger comfort. A high-
speed railroad vibration isolation system employing NS elements
was discussed in [22]. The authors in [23–26], employed structural
NS elements at the basis of civil structures in order to suppress
vibration without large force transmission to the superstructure
during extreme earthquake excitations.
Multiphysics NS mechanisms incorporating magnetic and
magnetorheological fluid elements have been proposed, however
the additional mass required by such designs prohibits their
application in moving structures. In [27–29] a NS magnetic spring
mechanism exhibited high vibration isolation performance levels.
In [30,31] the authors suggested magnetorheological adjustable
NS devices with enhanced vibration isolation properties. In [32]
the design principles and experimental validation of magnetic NS
dampers were presented, comprising several permanent magnets
in a conductive pipe.
In this paper the authors propose the design of a novel layered
mechanical metamaterial having implemented NS inclusions. The
design and tailoring of the mechanical characteristics of the
internal NS inclusions is initially discussed. A two-dimensional
periodic structure theory scheme is employed and modified in
order to derive a dedicated expression for the damping loss factor
of the structure as a function of the elastic waves propagating
within it. The acoustic transmission properties through the
modelled panel are computed within a statistical energy analysis
scheme. The numerical results provide evidence of a drastic
increase of the damping loss factor as well as of the acoustic
isolation performance of the proposed NS layered metamaterial in
a broadband frequency range.
The paper is organised as follows: In Section 2 the design
of the mechanical NS inclusions is discussed and a number of
numerical parametric results are provided on a variety of NS
designs. In Section 3 a periodic layered structure having NS
inclusions is Finite Element (FE) modelled. The characteristics of
the elastic waves propagating within the structure are sought
through a two-dimensional periodic structure theory scheme. The
damping loss factor associated with each propagating wave type is
computed, as is the sound Transmission Loss (TL) of the structural
panel. Conclusions on the exhibited work are eventually drawn in
Section 4.
2. Design of mechanical NS internal inclusions
In thiswork, the authors are interested in implementingmacro-
scopic NS elements with mechanical characteristics specifically
tailored for maximising the damping properties of the considered
Fig. 1. Illustration of the proposed tripod mechanism: Left: View of the employed
prestressed NS elements within the honeycomb architecture of the core structure.
Right: Side view of the NS elements within a honeycomb cell. Positive stiffness
elements and honeycomb cell are also illustrated.
layered composite structure. As weight is a design factor of princi-
pal importance, configurations of a purely mechanical nature will
be preferred. The majority of mechanical NS designs proposed by
researchers nowadays are generally related to Euler beams oper-
ating in their post-buckling regime. Such structures are straight-
forward to manufacture and incorporate, however in the case of
being implemented within the honeycomb core of a layered struc-
ture they could induce highly asymmetric stress loading conditions
within the structural core, leading to possible fatigue and failure.
In this work, an element that is more stable and suitable for
implementation in honeycomb cores is proposed as illustrated
in Fig. 1. Similar to a beam, the proposed tripod structure snaps
through around the equilibrium point during operation, rendering
it effectively a NS element around that region. Positive stiffness
(viscoelastic straps) are attached to the element in order to render
the ensemble of the inclusion stable, and facilitate its activation
during operation.
A parametric survey is hereby performed in order to determine
the sensitivity of theNS characteristics of the proposed structure as
a function of its design. For this reason, the inclusion is FEmodelled
as illustrated in Fig. 2 and nonlinear quasi-static solutions are
sought in order to determine its mechanical characteristics within
the operational displacement regime. The stress distribution on
the honeycomb cell was tested as shown in Fig. 3 and proved to
be satisfactory. More specifically, using technical characteristics
of honeycomb that is commercially available, the FE analysis
showed that the stresses that were applied on the honeycomb
cell during the snapping movement of the tripod mechanism
did not exceed the 10% of the material’s strength. The design
characteristics under investigation are the ratio of themechanism’s
outer and inner dimensions rR = Ro/Ri, the thickness t as well
as the prestress factor equal to the ratio of the outer dimension
of the mechanism Ro and the actual size of the honeycomb cell
dc expressed as pf = Ro/dc . A two-step, nonlinear quasi-static
analysis is performed. The structure is initially prestressed to the
position corresponding to it being fitted inside the honeycomb
cell. A small perturbation load is applied in order to facilitate the
convergence of the FE solution close to the bifurcation point of
the analysis (i.e. ensure a stable deflection of the tripod structure
upwards during precompression). The second step consists in
applying displacement constraints at the central ring of the tripod
in order to trigger the snap-through process. The reaction forces
measured at the supports are exhibited below.
The general trend for the displacement/force characteristics of
the snap-through region of the proposed configuration are shown
in Fig. 4. It is observed that a lower rR factor will not only imply
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Fig. 2. Caption of the FE model employed for the quasi-static analysis of the tripod
mechanism.
Fig. 3. Caption of the stress distribution of the FE model during the snapping
movement of the tripod mechanism embedded in the hexagon cell of the
honeycomb.
Table 1
Dimensions of the tripod mechanism of the parametric survey. Thickness of the
tripod was the same for all the cases (t = 0.5 mm).
pf = 1.2
rR = 10/8 Ro = 10 mm Ri = 8 mm dc = 8.3 mm
rR = 10/4 Ro = 10 mm Ri = 4 mm dc = 8.3 mm
rR = 10/2 Ro = 10 mm Ri = 2 mm dc = 8.3 mm
rR = 10/8
pf = 1.2 Ro = 20 mm Ri = 16 mm dc = 16.7 mm
pf = 1.1 Ro = 20 mm Ri = 16 mm dc = 18.2 mm
pf = 1.05 Ro = 20 mm Ri = 16 mm dc = 19 mm
reduced weight for the device but it will also result in a more
pronounced NS region and a higher NS coefficient. For higher
rR factors the NS region of the displacement/force characteristics
tends to be minimised. A parametric study on the influence of
the pf design parameter on the snap-through characteristics of
the device are presented in Fig. 5. It is observed that employing
a higher prestress factor leads to a more intense NS behaviour
(as intuitively expected). The same choice leads to a longer
NS operation region for the device which is also beneficial for
maximising internal energy absorption. It is noted that the curves
in Fig. 5 are interrupted just after the snap-through movement of
the oscillator is completed (the displacement/force characteristics
will evidently enter an intense positive stiffness behaviour after
that). Last but not least it is important to investigate the impact of
the cell/tripod interface boundary conditions on the snap-through
behaviour of the device. From the results exhibited in Fig. 6 it is
evident that when the device is clamped on the honeycomb cell
walls (that is any rotation is constrained at the interface nodes)
the NS performance of the device is heavily compromised. Instead,
the restriction on the orientation of the interface nodes implied
a pronounces increase of the positive stiffness behaviour of the
device (see Table 1).
In short, it can be concluded that an increase of the pf
design factor as well as a decrease of rR can be beneficial for
extending the NS region of the proposed device. Both design
parameters can be employed for tailoring the NS constant of
Fig. 4. Impact of the rR design parameter on the snap-through characteristics of
the proposed tripod mechanism. Displacement/force results for: rR = 10/8 (–),
rR = 10/4 (- -), rR = 10/2 (· · ·). All results are for pf = 1.2.
Fig. 5. Impact of the pf design parameter on the snap-through characteristics of the
proposed tripod mechanism. Displacement/force results for: pf = 1.2 (–), pf = 1.1
(- -), pf = 1.05 (· · ·). All results are for rR = 10/8.
Fig. 6. Impact of the interface boundary conditions on the snap-through
characteristics of the proposed tripod mechanism. Displacement/force results for:
Simply supported boundary conditions (–) and clamped boundary conditions (- -).
All results are for rR = 10/8 and pf = 1.2.
the designed device. Caution should be exercised when selecting
the implementation process of the inclusion, as restricting the
rotation DoF at the interface of the device can be detrimental
for its NS characteristics. As exhibited by the above results,
the displacement/force characteristics of the mechanisms can be
approximated as linear around their snap-through position. A
constant stiffness assumption will therefore be adopted in the
following section.
3. Sound transmission through a layered metamaterial having
NS inclusions
The configuration to be considered is a layered structural panel
comprising two facesheets and a core layer (see Fig. 7). In order to
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Fig. 7. Caption of the FEmodelled composite layered panel with the interface edge
and the interface corner DoF highlighted. The envisaged internal configuration of
the inclusion, as well as the equivalent periodic structure (with m2 the device’s
mass, κe the positive stiffness and κc the NS) are also illustrated.
account for the impact of the core shear deformation on the elastic
wave propagation characteristics, a 3D displacement field will be
assumed and the panelwill bemodelled by FE. An illustration of the
internal tripod devices as well as the equivalent modelled periodic
structural segment are also exhibited in the same figure. NS and
positive stiffness elements aremodelled as translational spring FEs
connected to mass m2 (representing the mass of the added NS
mechanism). It is noted that the static and dynamic stability of the
internal oscillator has been discussed in [33]. It is noted that the NS
inclusions are assumed to have the same periodicity in the x and y
directions.
In the following numerical case study, the metamaterial
facesheets are assumed to have a Young’s modulus Ef = 70 GPa, a
Poisson’s ratio vf = 0.3 and a mass density of ρf = 3000 kg/m3.
The thickness of the facesheets is equal to hf = 1mm. The core has
a thickness equal to hc = 6 mm and is made of a material having
Ec = 0.7 GPa, vc = 0.2 and ρc = 50 kg/m3. A constant damping
loss factor ηf = ηc = 1% is assumed for both materials. The
dimensions of the two-dimensional modelled periodic segment
are lx = ly = 50 mm while the total dimensions of the panel
Lx, Ly are equal to 1.5 m × 2 m. With regard to the NS inclusions
design, added mass m2 is assumed to be equal to 5% of the total
mass of the panel. Out of the entirety of the investigated device
configurations (as described in Section 2) it has been found that a
NS device of κc = −10 kN/m combined with a positive stiffness
one of κe = 11 kN/m will provide maximum structural damping
enhancement.
3.1. Wave propagation and dissipation within the mechanical
metamaterial
The mass, damping and stiffness matrices of the periodic
segment M, C and K are extracted using a conventional FE
software. Time harmonic wave propagation is hereby considered
within the layered structure in the x and y directions implying
z(x, y, ω, t) = Zei(ωt−kxx−kyy) (2)
with kx = k cos(θ) and ky = k sin(θ) where k the propagating
structural elastic wavenumber and θ the propagation direction.
The problem will be modelled by a wave and finite element
approach (coupling FE to periodic structure theory) similar to the
one exhibited in [34]. TheDoF setq (aswell as theM,C,Kmatrices)
is reordered according to a predefined sequence such as:
q = qI qB qT qL qR qLB qRB qLT qRT⊤ (3)
corresponding to the internal, the interface edge and the interface
corner DoF (see Fig. 7). The free harmonic vibration equation of
motion for the modelled segment is written as:
[K+ iωC− ω2M]q = 0. (4)
The following relations being assumed for the displacement DoF
under the passage of a time-harmonic wave:
qR = e−iεxqL, qT = e−iεyqB
qRB = e−iεxqLB, qLT = e−iεyqLB, qRT = e−iεx−iεyqLB
(5)
with εx and εy the propagation constants in the x and y directions
related to the phase difference between the sets of DoF. The
wavenumbers kx, ky are directly related to the propagation
constants through the relation:
εx = kxLx, εy = kyLy. (6)
Considering Eq. (5) in tensorial form gives:
q =

I 0 0 0
0 I 0 0
0 Ie−iεy 0 0
0 0 I 0
0 0 Ie−iεx 0
0 0 0 I
0 0 0 Ie−iεx
0 0 0 Ie−iεy
0 0 0 Ie−iεx−iεy

x = Rx (7)
with x the reduced set of DoF: x = qI qB qL qLB⊤.
A number of numerical schemes can be employed in order to
compute the solution of eigenvalue problems with frequency
dependent matrices. However, at this point it is rational to assume
that damping will have negligible impact on the real part of
the propagating wavenumbers, (see [35,36]) in which case the
equation of free harmonic vibration of the modelled segment can
be written as:
[R∗KR− ω2R∗MR]x = 0 (8)
with ∗ denoting the Hermitian transpose. The most practical
procedure for extracting the wave propagation characteristics of
the segment from Eq. (8) is injecting a set of assumed propagation
constants εx, εy. The set of these constants can be chosen in relation
to the direction of propagation towards which the wavenumbers
are to be sought and according to the desired resolution of the
wavenumber curves. Eq. (8) is then transformed into a standard
eigenvalue problemand canbe solved for the eigenvector xwwhich
describe the deformation of the segment under the passage of each
wave type w at an angular frequency equal to the square root of
the corresponding eigenvalue λw = ω2w . A complete description of
each passing wave including its x and y directional wavenumbers
and its wave shape for a certain frequency is therefore acquired.
It is noted that the periodicity condition is defined modulo 2π ,
therefore solving Eq. (8)with a set of εx, εy varying from0 to 2π will
suffice for capturing the entirety of the structural elastic waves.
Further considerations on reducing the computational expense of
the problem are discussed in [37].
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3.1.1. Damping loss factor calculation
Within a vibroacoustic analysis it is valuable to compute and
employ the damping loss factor of the entire panel ηw,θ when
excited by a certain wave type w propagating towards direction θ
at an angular frequency ω. The loss factor associated with a given
propagating wave is defined as
ηw,θ (ω, θ) = Pdiss,w
ω(Uw + Tw) (9)
with Pdiss the time-average power dissipated by structural
damping, U the time-average strain energy and T the time-
average kinetic energy in the modelled structural segment. By
employing the appropriately normalised computed displacements
x as derived by the eigenproblem in Eq. (8) the above quantities
can be expressed as
Tw = ω
2
2
Re

qw,θ
H M qw,θ
Uw = 12Re

qw,θ
H K qw,θ
Pdiss,w =

n
2ωηnUn,w
= ω

n
Re

qn,w,θ
H
ηnKn

qn,w,θ

= ω2Re

qw,θ
H C qw,θ
(10)
with n the number of structural layers, ηn the damping loss factor
of layer n and
qw,θ =

qI,w
qB,w
e−iεyqB,w
qL,w
e−iεxqL,w
qLB,w
e−iεxqLB,w
e−iεyqLB,w
e−iεx−iεyqLB,w

(11)
being the displacements induced in the modelled segment by the
propagating wave type w travelling in direction θ . By substituting
Eq. (10) in Eq. (9) the general expression for the direction
dependent damping loss factor ηw,θ is derived as
ηw,θ =
2ωRe

qw,θ
H C qw,θ
Re

qw,θ
H K qw,θ+ ω2Re qw,θH M qw,θ . (12)
Eventually, the global frequency dependent damping loss factor
corresponding to wave typew can be computed as
ηw(ω) =
 π
0 ηw,θ (ω, θ)dθ π
0 dθ
. (13)
The wave type transferring the dominant portion of energy during
elasto-acoustic transmission will be the out-of-plane bending
waves propagating through the structure. Following the wave
propagation analysis, the frequencydependent damping loss factor
for the bare panel (no inclusions) as well as for the modified panel
incorporating NS elements has been computed and is presented
in Fig. 8. As expected, the bare panel exhibits a constant damping
behaviour with a loss factor equal to the one of the constituting
materials, i.e. 1%. On the other hand, the results for two composite
metamaterial panels are exhibited (with a 30 mm and a 50 mm
periodicity respectively) both presenting an intensely frequency
dependent loss factor. It becomes evident that the inclusion of
Fig. 8. Frequency dependent damping loss factor associated with the out-of-plane
flexural wave for the layered metamaterial: Reference bare layered panel (-·-),
metamaterial with NS inclusions having a 30 mm periodicity (–), metamaterial
with NS inclusions having a 50 mm periodicity (- -), panel with a mass-equivalent
polyvinyl butyral (PVB) layer inclusion (· · ·).
the NS elements has a major impact in the low frequency range
(η approximately two orders of magnitude higher), where the
oscillation of the internal masses has a higher vibration amplitude.
This is a major advantage compared to viscoelastic materials
which start providing damping enhancement mainly in the high
frequency range. The impact of the NS inclusions is gradually
diminishing in the higher frequency range of the vibroacoustic
analysis, with the benefits however still visible at 12 kHz, where
the modified panel has a loss factor more than three times
higher. It can be observed that increasing the periodicity of the
internal oscillators has a negative impact on the panel’s global
damping ratio. In this case study a maximum loss of damping of
approximately 32%was observed at very low frequencies (100Hz).
As aforementioned, the principal advantage of the suggested
configuration over viscoelastic materials is that the latter tend
to provide significant damping enhancement only in the high
frequency range. In order to verify this advantage, an additional
result is presented in Fig. 8 where a constrained damping layer of
polyvinyl butyral (PVB) is added between the core and the upper
facesheet of the structure. PVB is considered amongst the most
efficient viscoelastic additions in the industry with a damping loss
factor of ηd = 40%. In order for the investigated models to be
equivalent, the added PVB layer will also account for 5% of the
bare panel’s mass (same as for the metamaterial having a 30 mm
periodicity). This corresponds to a PVB layer thickness of hd =
0.47 mm. The constrained damping layer has Ed = 10 MPa, ρd =
1000 kg/m3 and vd = 0.48. It can be observed that in the low
frequency range the damping implied by the constrained layer is
approximately 90 times inferior to the one of the equivalent NS
metamaterial. It is only after 3 kHz that the damping inducedby the
constrained layer becomes comparable to the metamaterial one. It
is also worth noting that even in the very high frequency range,
the NS oscillators will provide similar damping enhancement to
the constrained damping layer.
3.2. Calculation of the acoustic transmission through the panel
It is now of interest to investigate how the enhanced damping
properties of the composite metamaterial can impact its noise
insulation properties. For this reason a wave-based statistical
energy analysis scheme as exhibited in [37,38] is employed, in
which the computed wavenumber and damping loss factor values
for the panel are input. Themajor vibroacoustic index that provides
an important indication of a structure’s acoustic opacity properties
is its sound TL. The TL indices for the bare composite, as well as for
the layered metamaterial are presented in Fig. 9.
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Fig. 9. Broadband soundTransmission Loss for the composite panel: Reference bare
layered panel (-·-), metamaterial with NS inclusions (–) having a 30mmperiodicity,
panel with a mass-equivalent polyvinyl butyral (PVB) layer inclusion (· · ·).
It is evident that the NS inclusions induce amajor improvement
of the insulation properties of the panel around its coincidence
frequency range (where the acoustic wavenumber becomes equal
to the structural one, implying efficient acoustic transmission and
a pronounced drop of TL) with a maximum TL increase of about
20 dB. In the high frequency range the advantages are also evident
with a constant TL improvement of about 5 dB. On the other
hand, in the (mass and stiffness controlled) sub-coincidence range,
despite the fact that the loss factor of the layered metamaterial
was massively greater, the average TL improvement was inferior
to 2 dB. This further confirms the difficulty of increasing noise
insulation in the very low frequency range without significant
mass addition to the structural panel. It is worth noting that the
proposed configuration has outperformed the PVB constrained
damping layer in a broadband frequency range, implying not only
superior vibration attenuation performance in the low frequency
range (due to its considerably greater loss factor) but also better
acoustic insulation properties.
4. Conclusions
The principal outcomes of thework are summarised as follows:
(i) The design of mechanical oscillators exhibiting NS behaviour
around their snap-through position was discussed. A design
appropriate for implementation within a honeycomb struc-
tural core was presented and a parametric survey was per-
formed in order to determine the design parameters hav-
ing a notable impact on its mechanical characteristics. It was
demonstrated that an increase of the prestress as well as an
increase of the inner radius of the tripod structure can be ben-
eficial for extending the NS region of the device. On the other
hand, restricting the rotation of the device at its interface with
the core can be detrimental for the NS performance.
(ii) An equivalent FE model of a layered composite metamaterial
comprising NS inclusions was presented. A two-dimensional
wave scheme for periodic structures was adopted and
modified in order to derive an expression for the panel’s
damping loss factor under the passage of each propagating
wave.
(iii) A radical increase of several orders of magnitude was
exhibited for the damping ratio of the flexural waves
propagating within the suggested structure, particularly in
the low frequency range. Comparison with an equivalent
structure comprising a constrained damping layer showed
that the suggested configuration is highly superior for lower
frequencies and performs no worse that the viscoelastic
damping layer, even in the post-coincidence frequency range.
(iv) It was shown that the enhanced damping properties of the
suggested metamaterial can lead to radical enhancement of
its noise insulation properties in the mid and high frequency
ranges, while in the very low acoustic frequency range it
proves challenging to design an efficiently isolating panel
without considerable added mass.
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